A method for structural clustering proposed by the authors is extended to the case when there are externally de ned restrictions on the relations between sets and their elements. This framework appears to be related to order-theoretic concepts of the hereditary mappings and convex geometries, which enables us to give c haracterizations of those in terms of the monotone linkage functions.
Introduction
In 1] we explored the concept of layered cluster on a set I of elements whose interrelations are characterised by a set-to-element linkage function. In this paper we extend this analysis to the situations in which the set I can be surrounded by other elements that may considerably a ect the functioning of the elements of I. For example, a spatial protein folding is typically partitioned in a set of spatially separated substructures called domains. The concept of layered cluster can be applied to each of the domains separately. However, the domains may be spatially close and thus a ect one another. To take i n to account t h e between-domain interaction, a modi ed form of the model proposed in 2] can be utilised. We assume that there are two linkage functions on I: the straight within-domain linkage function (i H) o f 1 ] and an induced linkage function d(i H) that re ects the sensitivity of an element to the external forces. The \oversensitive" elements should be excluded from the de nition of the tightness function: for any s u b s e t H, its tightness, that is, the minimum of the straight linkages (i H) ( i 2 H), should be de ned over only the non-sensitive elements, viz. those elements i 2 H satisfying the constraint d(i H) u where u is an appropriately chosen sensitivity threshold (the induced tightness).
In the remainder we prove that this restriction doesn't a ect the properties of the tightness function and the induced layered cluster can be found by using a modi ed version of the greedy serial partitioning algorithm proposed in 1]. Then we s h o w that the set of all possible induced patterns forms a convex geometry 3] and characterize the convex geometries in terms of the monotone linkage functions and related terms of the hereditary set-to-subset mappings 4]. re ecting the external forces. For example, if elements of I are a ected by a set K of the \outer" elements and the intensity o f i n teractions between i 2 I and k 2 K is scored by an index, a ik , then the induced similarity, s i 0 i 00 , b e t ween i 0 2 I and i 00 2 I can be de ned as the sum or maximum or any other function of a i 0 k and a i 00 k over all a ecting k 2 K. The induced linkage function d(i H)
can be de ned as the summary similarity d(i H) = P j2H s ij .
For example, let the weighted graphs in Figure 1 represent straight and induced similarities between the eleven nodes constituting set I. The graph on the left of Figure 1 For any H I and a prespeci ed threshold u, let us de ne its subset u (H) a s
It is important for the follow-up mathematical analysis to have the mapping u well-de ned so that u (H) is not empty if H is not empty. Thus, we require the threshold to be large enough, u max H min i d(i H), to provide for u (H) being well-de ned.
In the example under consideration, some induced linkages are as large as d(h I) = 5 , b u t t h e maximum value of its tightness function F d (H) is 2 and reached at H = fg h i k lg.
The induced tightness function can be de ned then as
When u is large enough so that u (H) = H for all H I, F d (H) is the straight t i g h tness function F (H) as de ned in 1].
To extend the concepts and results of 1] to the case under consideration, let us introduce a straight l i n k age function whose action is equivalent to that of the induced one. This new linkage function, d , di ers from by a high penalty imposed each t i m e w h e n i may not interact within H under the induced linkages, that is, when d(i H) > u :
In the cases (a), (b), and (d), monotonicity of d obviously follows from the monotonicity o f , and case (c) is impossible because of the monotonicity o f d. Figure 1 . To guarantee that all the subsets (H) are nonempty, the threshold is set at u = 2 in (2).
Since the elements a b c l have zero d-linkages, they are permitted in (2) 
Hereditary mappings and monotone linkages
Let us consider a set-to-subset mapping, , de ned for any H I in such a w ay t h a t (H) H.
The mapping can be interpreted as a selection rule so that (H) is the set of selected entities in H and (H) = H ; (H) the set of rejected entities in H.
Let us assume that the rejection mapping is isotone so that the set of rejected entities may o n l y increase when H increases. The isotonicity property can be expressed by the condition
that holds for any H G I.
If the rejection mapping is isotone, the selection mapping must satisfy the dual condition
or its equivalent
Condition (6) is well-known in the theory of social choice a mapping is referred to as hereditary if it satis es the condition (6) 4].
The following statement follows from the formulas above. 5 Interior set and pattern systems as convex geometries 
Assertion 2 Mapping (H) is hereditary if and only if its dual, (H) = H ; (H), is isotone.

